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MO¨BIUS DISJOINTNESS FOR C∗ ALGEBRAS
JINSONG WU AND WEI YUAN
Abstract. In this paper we introduce the Mo¨bius disjointness for C∗-algebras with their au-
tomorphisms and studied the Mo¨bius disjointness for finite dimensional C∗ algebras, finite von
Neumann algebras, reduced free group algebra and canonical anticommutation relation algebra
etc.
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1. Introduction
Let µ be the Mo¨bius function, that is µ(n) is 0 if n is not square-free, and is (−1)t if n is a
product of t distinct primes. We say µ is linearly disjoint from a flow (X,T ), where X is compact
topological space and T : X → X is a continuous map, if
(1)
1
N
∑
n≤N
µ(n)f(T nx)→ 0, as N →∞
for any f in C(X) and x in X . The Mo¨bius disjointness conjecture posted by Peter Sarnak (which
is also known as Sarnak’s conjecture) states that µ is linearly disjoint from every flow (X,T ) when
the topological entropy of (X,T ) is zero. Recently, B. Green and T.Tao [11] showed that the Mo¨bius
function is strongly asymptotically orthogonal to any polynomial nilsequences; Liu and Sarnak [17]
showed that the Mo¨bius function is linearly disjoint from an analytic skew product on the 2-torus
with additional conditions on the Fourier coefficients.
In the view of operator algebra, the algebra C(X) of all continuous function on a compact Haus-
dorff space is a C∗ algebra, any point x gives a pure state ρx on C(X), and the continuous map
T : X → X will induce an endomorphism αT on C(X). Then the condition (1) can be rephrased as
(2)
1
N
∑
n≤N
µ(n)ρx(α
n
T (f))→ 0, as N →∞
for any f in C(X) and x in X . Hence it is reasonable to consider the Mo¨bius disjointness for a C∗
algebra with its endomorphism.
Let A be a C∗-algebra and α its endomorphism, The pair (A, α) is said to be a noncommutative
flow. When A is a von Neumann algebra, we need its endomorphism α to be weak-operator contin-
uous. We then can define Mo¨bius disjointness for (A, α). The Mo¨bius function µ is linearly disjoint
1
2 JINSONG WU AND WEI YUAN
from (A, α) if
(3)
1
N
∑
n≤N
µ(n)ρ(αn(A))→ 0, as N →∞
for any state ρ on A and A in A.
The Mo¨bius disjointness conjecture also concerns the topological entropy for (X,T ). There are
several way to define an entropy for a C∗-algebra with an automorphism (or endomorphism). In [8],
A. Connes and E. Støruer introduced the entropy hτ (α) of automorphism α of II1 von Neumann
algebra M with a tracial state τ . Later, A. Connes, H. Narnhofer and W. Thirring [7] defined a
dynamic entropy hϕ(α) for any C
∗ algebra A (or von Neumann algebra ) with its automorphism
α with respect to a α-invariant state ϕ of A. This entropy for C∗ algebras is called CNT entropy.
In 1995 D. Voiculescu [27] introduced topological entropy ht(α) for a nuclear C∗ algebra A with its
automorphism α. N. Brown [4] showed that the entropy given by Voiculescu is good for exact C∗
algebra and Dykema [10] shows that hϕ(α) ≤ ht(α) for an exact C∗ algebra A with its automorphism
α, where ϕ is an α-invariant state on A. The entropy is called Voiculescu-Brown entropy. We will
show that the Mo¨bius function is linearly disjoint from any factor of type II1 with its automorphism
when the state ρ in the equation (3) is normal, but its CNT entropy might be greater than zero.
Hence we will pick Voiculescu-Brown entropy for exact C∗-algebras. As N. Brown pointed out in
[4], the Voiculescu-Brown entropy is also well-defined for endomorphisms of exact C∗ algebras.
With Mo¨bius disjointness and Voiculescu-Brown entropy for a noncommutative flow (A, α), we
formulate Mo¨bius disjointness conjecture for exact C∗ algebras.
Conjecture 1.1. The Mo¨bius function µ is linearly disjoint from a noncommutative flow (A, α)
when the Voiculescu-Brown entropy of (A, α) is zero, where A is a unital exact C∗-algebra and α is
an endomorphism of A.
It is clear that the Mo¨bius disjointness conjecture for exact C∗ algebra implies the Mo¨bius dis-
jointness conjecture. Due to Hanfeng Li, we see that The Mo¨bius disjointness conjecture implies the
Mo¨bius disjointness conjecture for exact C∗ algebras when the endomorphism is injective.
In this paper, we will show that the Mo¨bius disjointness conjecture for exact C∗ algebra is true
when
(1) (A, α), A is finite-dimensional C∗ algebra and α is any automorphism of A; A is the unital-
ization of algebra of all compact operators on a Hilbert space with its automorphism whose
entropy is zero;
(2) (CAR(H), αU ), CAR(H) is the canonical anti-commutation relation (briefly, CAR) algebra
with respect to a Hilbert space H and α is the Bogoliubov automorphism induced by a
unitary operator whose spectral measure is pure point measure on H;
(3) (C∗r (FZ), α), C∗r (FZ) is the reduced C∗ algebra of free group on Z generators and α is the
shift on generators.
The rest of paper will contain four sections. In Section 2 we will introduce some basic properties
for Mo¨bius disjointness for C∗ algebras and show that the Mo¨bius disjointness conjecture for exact
C∗ algebra is equivalent to the classical one when the endomorphism is injective. In Section 3
the Mo¨bius disjointness for finite-dimensional C∗ algebras and unitalization of algebra of compact
operators is studied. In Section 4 we studied the weakly linear disjointness for finite von Neumann
algebras. In Section 5 we will studied the Mo¨bius disjointness for CAR algebras with Bogoliubov
automorphisms In Section 6 we show that Mo¨bius function is linearly disjoint from reduced free
group C∗ algebra with its shift on generators.
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2. Prelimilaries
We begin by recalling the definition of Voiculescu-Brown entropy.
Let A be an exact (equivalently , nuclearly embeddable) C∗ algebra and α an automorphism of A.
Let π : A be a faithful *-representation. For a finite set Ω ⊂ A and δ > 0 we denote by CPA(π,Ω, δ)
the collection of triples ϕ, ψ,B where B is a finite dimensional C∗ algebra and ϕ : A → B and
ψ : B → B(H) are contractive completely positive maps such that ‖(ψ ◦ ϕ)(a) − π(a)‖ < δ for all
a ∈ Ω. This collection is nonempty by nuclear embeddability. We define rcp(Ω, δ) to be the infimum
of rankB over all (ϕ, ψ,B) ∈ CPA(π,Ω, δ) with rank referring to the dimension of a maximal
abelian C∗ subalgebra. We then set
ht(α,Ω, δ) = lim sup
n→∞
1
n
log rcp(Ω ∪ αΩ ∪ · · · ∪ αn−1, δ)
ht(α,Ω) = sup
δ>0
ht(α,Ω, δ),
ht(α) = sup
Ω
ht(α,Ω)
where the last supremum is taken over all finite sets Ω ⊂ A. The quantity ht(α) is a C∗-dynamical
invariant which is the Voiculescu-Brown entropy of α.
For the definition of Connes-Narnhofer-Thirring entropy (briefly CNT entropy) for C∗ algebras,
we skip it here and refer to [7]. Let A be a unital nuclear C∗ algebra and α its automorphism. Brown
[4] showed that ht(α) = hϕ(α), where ϕ is α-invariant state on A and hϕ(α) is the CNT entropy of
α with respect to ϕ. In general ht(α) ≥ hϕ(α).
Next, we will introduce the Mo¨bius disjointness for a C∗ algebra A with an endomorphism α. We
begin with the definition of the Mo¨bius function µ.
The Mo¨bius function µ(n), n = 1, 2, 3, . . . is defined by
µ(n) =

1 if n=1
0 if n is not square free
(−1)t if n is a product of t distinct primes
Throughout the paper, the function e(x) will denote e2πix for real x.
Lemma 2.1. Let p be positive integer and 0 ≤ l < p. For arbitrary h > 0,
1
N
∑
n≤N
n≡l( mod p)
µ(n)e(adn
d + ad−1nd−1 + · · ·+ a1n+ a0) = O((logN)−h)
where the implied constant may depend on h and p, but is independent of any of coefficients
ad, · · · , a0. In particular,
1
N
∑
n≤N
µ(n)e(θn) = O((logN)−h)
uniformly in θ
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This second equation in the lemma is proved by Davenport[9]. The general case is proved by
Hua[13].
Proposition 2.2. Let f : N → C with |f(n)| ≤ 1 for all n ∈ N and ǫ > 0 small enough. Assume
that for all primes p1, p2 ≤ e1/ǫ, p1 6= p2, we have that for M large enough
|
∑
m≤M
f(p1m)f(p2m)| ≤ ǫM.
Then for N large enough
|
∑
n≤N
µ(n)f(n)| ≤ 2
√
ǫ log
1
ǫ
N.
This is Theorem 2 in [2].
Let A be a C∗ algebra and α an automorphism of A. The pair (A, α) is a noncommutative flow.
The Mo¨bius function µ is linearly disjoint from (A, α) if
1
N
N∑
n=1
µ(n)ρ(αn(A))→ 0 as N →∞
for every A in A and any state ρ on A.
Similarly, we can define Mo¨bius disjointness for von Neumann algebras. LetM be a von Neumann
algebra and α is an automorphism of M, we say µ is weakly linearly disjoint from (M, α) if
1
N
N∑
n=1
µ(n)ρ(αn(A))→ 0 as N →∞
for every A in M and any normal state ρ on M.
We will first state that the Mo¨bius disjointness conjecture for C∗ algebra is equivalent to the
Mo¨bius disjointness conjecture.
Proposition 2.3. The Mo¨bius disjointness conjecture implies the Mo¨bius disjointness conjecture
for exact C∗ algebras when the endomorphism is injective.
Proof. Suppose that the Mo¨bius disjointness conjecture is true. Let (A, α) be a noncommutative
flow, where A is a unital C∗ algebra and α is an endomorphism of A. Suppose that the Voiculescu-
Brown entropy ht(α) = 0. Denote by fα the continuous map from the state space S(A) of A to itself
induced by α given by fα(ρ) = ρ ◦ α.
First, we assume that α is an automorphism. By [14] or [15], we have that the topological
entropy htop(fα) = 0. From the assumption that Mo¨bius disjointness conjecture is true, we see that
the display (3) holds.
Next, we assume that α is injective endomorphism. Denote byB the inductive limit of the system
{An}n≥1, where An = A with *-isomorphism φm,n = αn−m : Am → An when m ≤ n. Deonte by β
the induced automorphism of α on B. Then by [4], Proposition 2.14, we have that ht(β) = 0. Hence
the induced continuous map fβ on S(B) has topological entropy htop(fβ) = 0. We have the display
(3) holds for S(B). Note that S(B) is a projective limit of S(A). We obtain that the display (3)
holds for S(A).

Lemma 2.4. Let A be a C∗ algebra and α ∈ Aut(A). Suppose that αq = Id for some q in N. Then
µ is linearly disjoint from (A, α).
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Proof. Lemma 2.1 can be applied here directly. 
Thus we will focus on aperiodic automorphisms of C∗ algebras.
Lemma 2.5. Let A be a C∗ algebra and α ∈ Aut(A). Suppose that Ω is a subset of A such that A
is the norm closure of linear span of Ω. If
1
N
N∑
n=1
µ(n)ρ(αn(A))→ 0 as N →∞
for any state ρ on A and A in Ω, then µ is linearly disjoint from (A, α).
Proof. For any A in A, any ǫ > 0, there exist λ1, . . . , λk ∈ C and A1, . . . , Ak ∈ Ω such that
‖A −∑kj=1 λjAj‖ < ǫ/2. Since A1, . . . , Ak satisfies the property list in the lemma, there exists a
N0 ∈ N such that for any N ≥ N0, we have∣∣∣∣∣ 1N
N∑
n=1
µ(n)ρ(αn(Aj))
∣∣∣∣∣ < 12∑kj=1 |λj |ǫ, j = 1, . . . , k.
Then we have that∣∣∣∣∣ 1N
N∑
n=1
µ(n)ρ(αn(A))
∣∣∣∣∣
≤
∣∣∣∣∣∣ 1N
N∑
n=1
µ(n)ρ(αn(A−
k∑
j=1
λjAj))
∣∣∣∣∣∣+
∣∣∣∣∣∣ 1N
N∑
n=1
µ(n)
k∑
j=1
λjρ(α
n(Aj))
∣∣∣∣∣∣
≤ǫ/2 +
k∑
j=1
|λj |
∣∣∣∣∣ 1N
N∑
n=1
µ(n)ρ(αn(Aj))
∣∣∣∣∣ ≤ ǫ/2 + ǫ/2 = ǫ.
This shows that µ is linearly disjoint from (A, α). 
Lemma 2.6. Let A be a C∗ algebra and α ∈ Aut(A). Suppose that A0 is a C∗-subalgebra of A such
that α(A0) = A0. If µ is linearly disjoint from (A, α), then µ is linearly disjoint from (A0, α|A0).
Proof. By Hahn-Banach Theorem, any state ρ of A0 can be extended to a state ρ
′ of A such that
ρ′|A0 = ρ, we see the lemma holds. 
Lemma 2.7. Let A be a C∗ algebra and α ∈ Aut(A). Then µ is linearly disjoint from (A, α) if
and only if µ is linearly disjoint from (A ⋊α Z, Ad(U)), where U ∈ A ⋊α Z is the unitary element
implementing α.
Proof. By Lemma 2.6, we only have to show that if µ is linearly disjoint from (A, α), then µ is
linearly disjoint from (A ⋊α Z, Ad(U)). So we assume that µ is linearly disjoint from (A, α). Let
Ω = {AUk|A ∈ A, k ∈ Z}. Then the linear span of Ω is norm dense in A. By Lemma 2.5, we only
have to show
1
N
N∑
n=1
µ(n)ρ(Un(AUk)U∗n)→ 0 as N →∞
Since Un(AUk)U∗n = αn(A)Uk and ρ(·Uk) gives a bounded linear functional on A, we have the
lemma proved. 
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Corollary 2.8. If the conjecture 1.1 is true for any (A, Ad(U)), where A is an exact C∗ algebra
and Ad(U) is an inner automorphism of A. Then the conjecture 1.1 is true when automorphism is
considered.
Proof. Let B be an exact C∗ algebra and β ∈ Aut(B). Suppose that htB(β) = 0. By [4], we have
that htB⋊βZ(Ad(U)) = 0, where U ∈ B ⋊β Z is the unitary element which implements β. Then
µ is linearly disjoint from (B ⋊β Z, Ad(U)). By Lemma 2.7, we obtain µ is linearly disjoint from
(B, β). 
Lemma 2.9. Let A be a C∗ algebra and α, β ∈ Aut(A). Then µ is linearly disjoint from (A, α) if
and only if µ is linearly disjoint from (A, βαβ−1).
Proof. Suppose that µ is linearly disjoint from (A, α). Then
1
N
N∑
n=1
µ(n)ρ(αn(A))→ 0 as N →∞
for any A in A and state ρ of A. Replace ρ by ρ ◦ β and A by β−1(A), we have that
1
N
N∑
n=1
µ(n)ρ(βαn(β−1(A)))→ 0 as N →∞
for any A in A and state ρ of A. Since βαnβ−1 = (βαβ−1)n, the lemma holds. 
Lemma 2.10. Let A be a C∗ algebra and α ∈ Aut(A). Suppose I is an ideal of A such that
α(I) = I. Let α˜ denote the induced automorphism on A/I. If µ is linearly disjoint from (A, α),
then µ is linearly disjoint from (A/I, α˜).
Proof. Let Φ : A → A/I be the canonical quotient homomorphism. Then α˜ ◦ Φ = Φ ◦ α. For any
A in A/I, there exists A0 in A such that Φ(A0) = A. Let ρ be a state of A/I. Then ρ(α˜n(A)) =
ρ(Φ(αn(A0))). While ρ ◦ Φ is a state on A, we see that the lemma holds. 
Lemma 2.11. Let A be a C∗ algebra and α ∈ Aut(A). Let {ρm}m be a sequence of bounded linear
functionals on A such that ‖ρm − ρ‖ → 0 as m→∞ for some bounded linear functional ρ on A. If
for A in the unit ball of A and any m
1
N
∑
n≤N
µ(n)ρm(α
n(A))→ 0 as N →∞
then
1
N
∑
n≤N
µ(n)ρ(αn(A))→ 0 as N →∞.
Proof. We will show that for any ǫ > 0, there exists N0 in N such that for N > N0 we have
| 1N
∑
n≤N µ(n)ρ(α
n(A))| < ǫ. Since ‖ρm − ρ‖ → 0 as m → ∞, there exist m0 in N such that
‖ρm − ρ‖ < ǫ/2 for m ≥ m0. From the fact that 1N
∑
n≤N µ(n)ρm(α
n(A)) → 0 as N → ∞, we
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have there exists N0 in N such that | 1N
∑
n≤N µ(n)ρm(α
n(A))| ≤ ǫ/2 for N ≥ N0. Then for N ≥ N0
| 1
N
∑
n≤N
µ(n)ρ(αn(A))|
= | 1
N
∑
n≤N
µ(n)(ρ− ρm)(αn(A))| + | 1
N
∑
n≤N
µ(n)ρm(α
n(A))|
≤ ǫ/2 + ǫ/2 = ǫ.
This proved the lemma. 
Remark 2.1. Let A be a C∗ algebra, α its automorphism, and ϕ is an α-invariant state on A.
Suppose that µ is linearly disjoint from (A, α). LetM = πϕ(A)′′ where πϕ is the GNS representation
arising from ϕ and αˆ be the automorphism of M extended by α. Then µ is weakly disjoint from
(M, αˆ).
3. Finite-dimensional C∗ Algebras
In this section, we will show that the Mo¨bius disjointness conjecture for exact C∗ algebra holds
for finite-dimensional C∗ algebras with its automorphisms.
First we would like to give the matrix version for Lemma 2.1.
Proposition 3.1. Let p be positive integer and 0 ≤ l < p. Let U1, . . . , Ud be unitary matrices in
Mk(C), A1, . . . , Ad matrices in Mk(C) with ‖Aj‖ ≤ 1, j = 1 . . . , d, and φ1, . . . , φd polynomials with
real coeffiences where d is an positive integer. Then for arbitrary h > 0,
1
N
∑
n≤N
n≡l( mod p)
µ(n)trk(U
φ1(n)
1 A1U
φ2(n)
2 A2 · · ·Uφd(n)d Ad) = kd/2O((logN)−h)
uniformly in unitary elements U1, . . . , Ud, A1, . . . , Ad and independent in coefficiences of φj , j =
1, . . . , d, where trk is the normalized trace of Mk(C), the implied constant only depends on the
maximal degrees of φjs and p. If d = 2, we have
1
N
∑
n≤N
n≡l( mod p)
µ(n)trk(U
φ1(n)
1 A1U
φ2(n)
2 A2) = O((logN)
−h)
which is independent of k.
Proof. We assume that Uj = diag(e(θ
(j)
1 ), . . . , e(θ
(j)
k )) for j = 1, . . . , d and Aj = (a
(j)
ts ) for j =
1, . . . , d. Then
trk(U
φ1(n)
1 A1U
φ2(n)
2 A2 · · ·Uφd(n)d Ad)
=trk((e(θ
(1)
t φ1(n))a
(1)
ts )t,s · · · (e(θ(d)t φd(n))a(d)ts )t,s)
=
1
k
k∑
t1,...,td=1
e(θ
(1)
t1 φ1(n) + · · ·+ θ(d)td φd(n))a
(1)
t1t2 · · · a(d)tdt1 .
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Hence
1
N
∑
n≤N
µ(n)trk(U
φ1(n)
1 A1U
φ2(n)
2 A2 · · ·Uφd(n)d Ad)
=
1
N
∑
n≤N
µ(n)
1
k
k∑
t1,...,td=1
e(θ
(1)
t1 φ1(n) + · · ·+ θ
(d)
td φd(n))a
(1)
t1t2 · · · a
(d)
tdt1
=
1
k
k∑
t1,...,td=1
 1
N
∑
n≤N
µ(n)e(θ
(1)
t1 φ1(n) + · · ·+ θ
(d)
td
φd(n))
 a(1)t1t2 · · · a(d)tdt1
By Lemma 2.1,
1
N
∑
n≤N
µ(n)e(θ
(1)
t1 φ1(n) + · · ·+ θ
(d)
td φd(n)) = O((logN)
−h)
which the implied constant only depends on the maximal degree of φjs and p. Note that
1
k
k∑
t1,...,td=1
|a(1)t1t2 · · · a(d)tdt1 |
is the trace of A′1A
′
2 · · ·A′d, where A′j = (|a(j)ts |)t,s and ‖A′j‖ ≤
√
k. Therefore
1
k
k∑
t1,...,td=1
|a(1)t1t2 · · · a
(d)
tdt1
| = trk(A′1A′2 · · ·A′d) ≤ ‖A′1‖ · · · ‖A′d‖ ≤ kd/2
This completes the proof for general d. If d = 2, we have
1
k
k∑
t1,t2=1
|a(1)t1t2a(2)t2t1 | ≤
1
k
(
k∑
t1,t2=1
|a(1)t1,t2 |2)1/2(
k∑
t1,t2=1
|a(2)t1,t2 |2)1/2 = ‖A1‖2‖A2‖2 ≤ 1.
Hence we see that when d = 2, it is independent of k. 
Theorem 3.2. Suppose that A be a finite dimensional C∗ algebra and α ∈ Aut(A). Then ht(α) = 0
and µ is linearly disjoint from (A, α).
Proof. Let ψ be a faithful α-invariant state on A. By the Gelfand-Naimark-Segal construction, we
assume that A acts on finite-dimensional Hilbert space L2(A, ψ) and α(A) = UAU∗ for some unitary
operator U on L2(A, ψ). Let τ be the normalized trace. For any state ρ on A, by Hahn-Banach
theorem, there is a state ρ′ extending ρ. Then we have to show
1
N
∑
n≤N
µ(n)τ(UnAU∗nB)→ 0 as N →∞
for any A, B in B(L2(A, ψ)), but it is directly from Lemma 3.1. Hence µ is linearly disjoint from
(A, α).
By the definition of Voiculescu-Brown entropy for exact C∗ algebras, we see that ht(α) = 0. 
Proposition 3.3. Let H be a Hilbert space and α is an automorphism of C(H), the algebra of all
compact operators on H. Then µ is linearly disjoint from (C(H) + CI, α).
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Proof. We will show that for any automorphism α of C(H) there exists a unitary operator U on H
such that α = Ad(U). Let {Ejk}j,k be a system of matrix units for C(H). Since E11, α(E11) are
equivalent in B(H), there exist a partial isometry V such that V V ∗ = E11 and V ∗V = α(E11). Then
a unitary operator U implementing α can be given as U =
∑∞
j=1Ej1V α(E1j).
It is known that the dual of C(H) is the space of all normal linear functionals of B(H), i.e. the
predual B(H)∗ of B(H). Hence we can focus on vector state on B(H).
Since every operator is finite sum of positive operator and every positive compact operator can
be approximated by finite linearly combination of rank one projections. By Lemma 2.5, it suffices
to show that
1
N
∑
n≤N
µ(n)〈U∗nPξUnη, η〉 → 0, as N →∞,
for any unit vector ξ, η in H.
Meanwhile ∣∣∣∣∣∣ 1N
∑
n≤N
µ(n)〈U∗nPξUnη, η〉
∣∣∣∣∣∣ =
∣∣∣∣∣∣ 1N
∑
n≤N
µ(n)〈〈Unη, ξ〉ξ, Unη〉
∣∣∣∣∣∣
=
∣∣∣∣∣∣ 1N
∑
n≤N
µ(n)〈Unη, ξ〉〈U∗nξ, η〉
∣∣∣∣∣∣
=
∣∣∣∣∣∣ 1N
∑
n≤N
µ(n)〈(Un ⊗ U∗n)η ⊗ ξ, ξ ⊗ η〉
∣∣∣∣∣∣
=
∣∣∣∣∣∣
〈
1
N
∑
n≤N
µ(n)(U ⊗ U∗)nη ⊗ ξ, ξ ⊗ η
〉∣∣∣∣∣∣
≤ max
z∈T
| 1
N
∑
n≤N
µ(n)zn| = O((logN)−h)
for any fixed h > 0 by [9] or Lemma 2.1. 
Question 3.1. Suppose A is an AF-algebra with an inner automorphim α and ht(α) = 0. Is the
Mo¨bius function µ linear disjoint from (A, α)?
4. Finite von Neumann Algebras
In the commutative case, let Fν = (XF , T, νF ) such that T is measure-preserving, it is pointed
out by P. Sarnak in [23] that such disjointness (orthogonality) is valid universally, i.e. for every Fν .
We will present a similar result in noncommutative case.
Proposition 4.1. Let M be a finite von Neumann algebra with a faithful normal tracial state τ
and U a unitary element in M. Then µ is weakly linearly disjoint from (M, Ad(U)).
Proof. We assume that M acts standardly on the Hilbert space L2(M, τ). To show µ is weakly
linearly disjoint from (M, Ad(U)), we have to estimate
1
N
∑
n≤N
µ(n)ρ(U∗nTUn))
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for any T in the unit ball of M and any normal state ρ. Let η be the trace vector associated to τ
in L2(M, τ). By Lemma 2.10 in [12], the fact that Mη is dense in L2(M, τ) and Lemma 2.11, we
may assume that ρ(·) = 〈·Aη,Aη〉, where η is the canonical trace vector in L2(M, τ) and A ∈M.
By spectral decomposition theorem, for any ǫ > 0 there is a unitary element V =
∑m
k=1 e(θk)Pk
inM such that ‖Un−V n‖ ≤ ǫ, where Pk, k = 1, . . . ,m are orthogonal projections and n = 1, . . . , N .
We have ∣∣∣∣∣ 1N
N∑
n=1
µ(n)〈TUnAη,UnAη〉
∣∣∣∣∣
≤
∣∣∣∣∣ 1N
N∑
n=1
µ(n)〈T (Un − V n)Aη,UnAη〉
∣∣∣∣∣+
∣∣∣∣∣ 1N
N∑
n=1
µ(n)〈TV nAη, (Un − V n)Aη〉
∣∣∣∣∣
+
∣∣∣∣∣ 1N
N∑
n=1
µ(n)〈TV nAη, V nAη〉
∣∣∣∣∣
≤2ǫ+
∣∣∣∣∣∣
∑
l,k
1
N
N∑
n=1
µ(n)e(n(θl − θk))〈TPlAη, PkAη〉
∣∣∣∣∣∣
=2ǫ+
∣∣∣∣∣∣
∑
l,k
1
N
N∑
n=1
µ(n)e(n(θl − θk))τ(PkTPlAA∗)
∣∣∣∣∣∣
≤2ǫ+O((logN)−h)
∣∣∣∣∣∣
∑
l,k
τ(PkTPlAA
∗Pk)
∣∣∣∣∣∣
≤2ǫ+O((logN)−h)
∑
l,k
‖PkTPl‖2‖PkAA∗Pl‖2
≤2ǫ+O((logN)−h)(
∑
l,k
‖PkTPl‖22)1/2(
∑
l,k
‖PkAA∗Pl‖22)1/2
=2ǫ+O((logN)−h)‖T ‖2‖AA∗‖2 ≤ 2ǫ+O((logN)−h) = O((logN)−h)
Hence µ is weakly linearly disjoint from (M, Ad(U)). 
Proposition 4.2. Let M be a finite von Neumann algebra with a faithful normal tracial state τ .
Suppose α is a trace-preserving automorphism ofM. Then µ is weakly linearly disjoint from (M, α).
Proof. We assume that αn 6= id for any nonzero n ∈ Z. By considering the crossed productM⋊αZ
ofM by Z, we have thatM⋊α Z is a finite von Neumann algebra. Let U be the unitary element in
M⋊α Z implementing α. Then AdU is an inner automorphism of M⋊α Z and µ is weakly linearly
disjoint from (M⋊α Z, AdU). Hence µ is weakly linearly disjoint from (M, α). 
Remark 4.1. In [8], Connes and Størmer showed that the dynamic entropy for finite von Neumann
algebra of the shift automorphism of the hyperfinite factor of type II1 is greater than zero. But the
proposition 4.2 shows that the Mo¨bious function is weakly linearly disjoint from the shifts. As the
classical case, this is not our main interest.
Question 4.1. Is µ weakly linearly disjoint from (M, Ad(U)), where M is a factor of type III and
U is a unitary element in M?
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5. CAR Algebras
In this section, we will investigate the Mo¨bius disjointness for Canonical Anticommutation Rela-
tion algebras with Bogoliubov automorphisms.
Let H be a Hilbert space. The full Fock space T (H) of H is given by
T (H) =
∞⊕
n=0
⊗nH,
where ⊗0H is C1.
Define a linear map P of T (H) given by
P (ξ1 ⊗ · · · ⊗ ξn) = 1
n!
∑
σ∈Sn
(−1)σξσ(1) ⊗ · · · ⊗ ξσ(n),
where Sn is the permutation group on {1, 2, . . . , n}. One can check that P is a projection on
T (H). We denote by ΛnH the Hilbert subspace P (⊗nH) and by ΛH the Hilbert space P (T (H)) =⊕∞
n=0 Λ
nH.
For f ∈ H we define a linearly map a(f) on ΛH given by a(f) : ΛnH → Λn+1H
a(f)(ξ1 ∧ · · · ∧ ξn) = f ∧ ξ1 ∧ · · · ∧ ξn
The operators a(f), a(g) satisfy Canonical Anticommutation Relation (CAR):
a(f)a(g) + a(g)a(f) = 0
a(f)a(g)∗ + a(g)∗a(f) = 〈f, g〉1(4)
Then the CAR algebra CAR(H) the *-algebra generated by a(f) represented on ΛH. We have
that CAR(H) is a C∗ algebra when H is a Hilbert space. When dimH = 1, one see that CAR(H) is
isomorphic toM2(C). In this case a(ξ) is a partial isometry from C1 onto Cξ and ΛH is 2-dimensional
Hilbert space spanned by 1, ξ.
For any unitary operator U onH, αU is an automorphism of CAR(H) given by αU (a(f)) = a(Uf)
for any f in H. The automorphism αU arising from a unitary operator U on H is called Bogoliubov
automorphism of CAR(H).
Let T ∈ B(H) and 0 ≤ T ≤ 1. The quasi-free state ϕT on CAR(H) given by
ϕT (a(gm)
∗ · · · a(g1)∗a(f1) · · · a(fn)) = δm,ndet(〈Tfi, gj〉)ni,j=1
and ϕT (1) = 1
Lemma 5.1. Let U be a unitary operator on a Hilbert space H whose spectrum has absolutely
continuous part. Then µ is not (weakly) linearly disjoint from (B(H), Ad(U)) and µ is not linearly
disjoint from (CAR(H), αU ).
Proof. Suppose that the absolutely continuous part Ua of U acts on the subspace Ha of H.
We can write Ha =
∫ ⊕
T
Hzdλ(z) and Ua =
∫ ⊕
T
zdλ(z) where λ is the Lebesgue measure on T.
Let ξ =
∫ ⊕
T
ξzdλ(z) be a unit vector in Ha. We then define ξk =
∫ ⊕
T
zkξzdλ(z) for k ∈ Z. By
direct computation, {ξk}k∈Z is orthogonal family of unit vectors in Ha.
Let Pk be the projection of H onto Cξk and T =
∑∞
k=1 µ(k)P−k. Then T is bounded.
One can checks that Una PkU
∗
a
n = Pk+n for any k, n in Z. Then we see that∑
n≤N
µ(n)〈Una TU∗anξ, ξ〉 =
∑
n≤N
|µ(n)|.
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It is known that 1N
∑
n≤N |µ(n)| does not converge to zero. Hence µ is not (weakly) linearly disjoint
from (B(H), Ad(U)).
For CAR algebra CAR(H), we consider the quasi-free state ϕ(T+I)/2. Then
ϕ(T+I)/2(α
n
U (a(ξ)
∗a(ξ))) = ϕ(T+I)/2(a(Unξ)∗a(Unξ))
= 〈T + I
2
Unξ, Unξ〉
=
1
2
(µ(n) + 1),
and ∑
n≤N
µ(n)ϕ(T+I)/2(α
n
U (a(ξ)
∗a(ξ))) =
1
2
∑
n≤N
(|µ(n)|+ µ(n)).
Hence µ is not linearly disjoint from (CAR(H), αU ). 
By Lemma 5.1, we will study unitary operator U on a Hilbert space H whose spectrum measure
is singular. The techniques here benefits a lot from Lemma 5.1 in [26].
Now we need to find the relation between that Mo¨bius disjointness for B(H) with inner automor-
phism and that for CAR(H) with Bogoliubov automorphism.
Proposition 5.2. Let U be a unitary operator on a Hilbert space H and U˜ = U ⊕ I on Hilbert space
H⊕Cξ0(= H˜) for some unit vector ξ0. Then µ is linearly disjoint from (CAR(H), αU ) if µ is weakly
disjoint from (B(H˜⊗m), Ad(U˜∗⊗m) for any m ≥ 1. In particular, when U has pure point spectrum
1, then µ is linearly disjoint from (CAR(H), αU ) if µ is weakly disjoint from (B(H⊗m), Ad(U∗⊗m)
for any m ≥ 1.
Proof. Suppose that µ is weakly linearly disjoint from (B(H˜⊗m), Ad(U˜∗⊗m).
Since the linearly span of
a(ξ1) · · · a(ξm),m ≥ 1, a(ηk)∗ · · ·a(η1)∗, k ≥ 1
and
a(ηk)
∗ · · · a(η1)∗a(ξ1) · · · a(ξm), k,m ≥ 1
is norm dense in CAR(H), we will consider element A in CAR(H) in the three forms as above.
When A = a(ξ1) · · · a(ξm), we have
‖ 1
N
∑
n≤N
µ(n)αnU (A)‖ = ‖
1
N
∑
n≤N
µ(n)a(Unξ1) · · · a(Unξm))‖
= ‖ 1
N
∑
n≤N
µ(n)a(Unξ1 ∧ · · · ∧ Unξm)‖
= ‖ 1
N
∑
n≤N
µ(n)(Un ⊗ · · · ⊗ Un)(ξ1 ∧ · · · ∧ ξm)‖
≤ ‖ 1
N
∑
n≤N
µ(n)(Un ⊗ · · · ⊗ Un)‖‖ξ1 ∧ · · · ∧ ξm‖
≤ 1
N
max
z∈sp(U⊗···⊗U)
|
∑
n≤N
µ(n)zn|‖ξ1 ∧ · · · ∧ ξm‖ → 0.
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When A = a(ηk)
∗ · · · a(η1)∗, we consider its adjoint A∗ and obtain that ‖ 1N
∑
n≤N µ(n)α
n
U (A)‖ →
0 as N →∞.
When A = a(ηk)
∗ · · · a(η1)∗a(ξ1) · · ·a(ξm), we assume that k ≤ m. If k > m, we will consider A∗
instead of A. Let ρ be a state on CAR(H). Then
ρ(αnU (A)) = ρ(α
n
U (a(ηk)
∗ · · ·a(η1)∗a(ξ1) · · · a(ξjm)))
= ρ(a(Unηk)
∗ · · ·a(Unη1)∗a(Unξ1) · · · a(Unξm))
= ρ(a(Unη1 ∧ · · · ∧ Unηk)∗a(Unξ1 ∧ · · · ∧ Unξm))).
Let Pn be the projection of ⊗nH˜ onto ⊗nH. Let V be transformation from ⊗kH˜ into ⊗mH˜ given
by V ξ = ξ ⊗ ξ0 ⊗ · · · ⊗ ξ0 for any ξ in ⊗kH˜.
For any ξ in ⊗mH˜ and η in ⊗mH˜, let B(η, ξ) = ρ(a(PPkV ∗η)∗a(PPmξ)). Then B(·, ·) is linearly
in the first variable and conjugate-linearly in the second variable. MoreoverB(·, ·) is bounded. Hence
there exists a bounded element T in B(⊗mH˜) such that ρ(a(PPkV ∗η)∗a(PPmξ)) = 〈Tξ, η〉 for any
ξ, η in ⊗mH˜.
Let η = η1 ∧ · · · ∧ ηk ⊗ ξ0⊗ · · · ⊗ ξ0 and ξ = ξ1 ∧ · · · ∧ ξm. Then PPmU˜ ⊗ · · · ⊗ U˜ξ = U˜ ⊗ · · · ⊗ U˜ξ
and PPkV
∗U˜ ⊗ · · · ⊗ U˜η = PPkUnη1 ∧ · · · ∧ Unηk = Unη1 ∧ · · · ∧ Unηk. On the other hand,
ρ(αnU (A)) = 〈U˜∗n ⊗ · · · ⊗ U˜∗nT U˜n ⊗ · · · ⊗ U˜nξ, η〉
Hence by the assumption, we have that 1N
∑
n≤N µ(n)ρ(α
n
U (A))→ 0 for any element A in the linearly
span of a(ξ1) · · · a(ξm),m ≥ 1, a(ηk)∗ · · · a(η1)∗, k ≥ 1 and a(ηk)∗ · · · a(ηi1)∗a(ξ1) · · ·a(ξm), k,m ≥ 1.
Therefore µ is linearly disjoint from (CAR(H), αU ).
If U has pure point spectrum 1, we let ξ′0 be its unit eigenvector. Then we define V
′ to be
transformation from ⊗kH into ⊗mH by V ′ξ = ξ ⊗ ξ′0 ⊗ · · · ⊗ ξ′0. Similarly, we have
ρ(αnU (A)) = 〈U∗n ⊗ · · · ⊗ U∗nTUn ⊗ · · · ⊗ Unξ, η〉.
Then the conclusion follows by a similar argument above. 
Remark 5.1. It is clear that if µ is linearly disjoint from (CAR(H), αU ), then µ is weakly linearly
disjoint from (B(H), Ad(U)).
The CNT entropy of Bogoliubov automorphism was first computed by E. Størmer and D. Voiculescu
[26]. Later in [18]. In [20], for the Bogoliubov automorphism αU of CAR algebra CAR(H), the
topology entropy ht(αU ) = log 2
∫
T
mU (z)dµ(z). In particular, ht(αU ) = 0 if U has singular spectral
measure.
Proposition 5.3. The Mo¨bius function µ is linearly disjoint from (CAR(H), αU ) when the spectral
measure of U is pure point measure.
Proof. Since the spectral measure of U is pure point measure, by Lemma 2.11, we estimate
1
N
N∑
n=1
µ(n)〈UnTU∗nξ, ξ〉
for (B(H), Ad(U)), where ξ is a unit eigenvector corresponding to some eigenvalue. It is easy to see
that the sum goes to zero as N goes to infinity. By Proposition 5.2, we see that µ is linear disjoint
from (CAR(H), αU ). 
Question 5.1. Is µ linearly disjoint from (CAR(H), αU ) (or is µ weakly linearly disjoint from
(B(H), Ad(U))), when the spectral measure of U is singular continuous?
14 JINSONG WU AND WEI YUAN
Remark 5.2. If the question above has an affirmative answer (which we believe), then µ is linear
disjoint from (CAR(H), αU ) if and only if µ is weakly linearly disjoint from (B(H), Ad(U)).
6. Free Group C∗ Algebras
Let FZ be the free group on generators . . . , g−1, g0, g1, . . . and C∗r (FZ) the reduced free group C∗
algebra. Let α be the automorphism of C∗r (FZ) such that α(gi) = gi+1.
Proposition 6.1. The Mo¨bious function µ is linearly disjoint from (C∗r (FZ), α) whose Voiculescu-
Brown entropy ht(α) = 0.
Proof. Let mˆ = (i1, . . . , ik) when k ≥ 1 and mˆ = ∅ when k = 0, where i1, . . . , ik ∈ Z. Denote by
gmˆ = gi1 · · · gik , g∅ = e and |mˆ| the length of mˆ.
For any given gmˆ, we let l = max{|i1|, . . . , |ik|}.
Let
Bk,N =
[N/(2l+1)]−1∑
p=0
µ(p(2l+ 1) + k)αp(2l+1)+k(gmˆ)
for k = 1, . . . , 2l+ 1.
It is clear that Bk,N is sum of free elements, i.e. Bk,N = D1,k,N+ · · ·+Dq,k,N , where q ≤ [N/(2l+
1)] and D1,k,N , . . . , Dq,k,N are free. We see that
1
2 (D1,k,N +D
∗
1,k,N ), . . . ,
1
2 (Dq,k,N +D
∗
q,k,N ) are free.
By the central limit theorem in [28], we obtain that 1√q (
1
2 (D1,k,N+D
∗
1,k,N)+· · ·+ 12 (D1,k,N+D∗1,k,N))
converges in distribution to a semicircle element. Then ‖(2l+1)Bk,N/N‖ → 0 as N →∞ and hence
there exists N0 in N such that ‖(2l+ 1)Bk,N/N‖ < ǫ for k = 1, . . . , 2l+ 1 and N > N0. Therefore
| 1
N
∑
n≤N
µ(n)ρ(αngmˆ))| = | 1
N
2l+1∑
k=1
ρ(Bk,N )| < ǫ
This shows that µ is linearly disjoint from (C∗r (FZ), α). By [5], the Voiculescu-Brown entropy
ht(α) = 0. 
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